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Effects of macromolecular crowding and DNA
looping on gene regulation kinetics
Gene-Wei Li1, Otto G. Berg2 and Johan Elf3*
DNA-binding proteins control how genomes function. The
theory of facilitated diffusion1 explains how DNA-binding
proteins can find targets apparently faster than the diffusion
limit by using reduced dimensionality2,3—combining three-
dimensional (3D) diffusion through cytoplasm with 1D sliding
along DNA (refs 3–15). However, it does not include a
description of macromolecular crowding on DNA as observed
in living cells. Here, we show that such a physical constraint
to sliding greatly reduces the search speed, in agreement with
single-molecule measurements. Interestingly, the generalized
theory also reveals significant insights into the design
principles of biology. First, it places a hard constraint on the
total number of DNA-binding proteins per cell. Remarkably, the
number measured for Escherichia coli fits within the optimal
range. Secondly, it defines a new role for DNA looping, a
ubiquitous topological motif in genomes. DNA looping can
speed up the search process by bypassing proteins that block
the sliding track close to the target.

In living cells, DNA-binding proteins search for their specific
binding sites across millions of chemically similar DNA sequences
(Fig. 1). Unlike the widely studied settings in test tubes, the search
problem is further complicated by the vast amount of other
proteins, both cytoplasmic and DNA-bound. Taking the bacterium
Escherichia coli as an example, its macromolecule density is close to
that of a protein crystal, which slows down the three-dimensional
(3D) diffusion by at least one order of magnitude compared with
that in water. Furthermore, about 30% of its DNA is associated
with proteins, mostly bound with no sequence specificity16,17. As
a result, the sliding track of bacterial DNA is truncated into
short and mostly uniformly distributed DNA fragments18. The
crowding on a 1D track has drastically different effects from
3D crowding. Whereas the latter can be modelled as increased
viscosity, macromolecules in 1D block the sliding motion of other
proteins alongDNAandwill therefore be referred to as ‘roadblocks.’
Although roadblocks are omnipresent in biological cells, little
attention has been given to their effects on the search kinetics, which
we will show to be important.

To account for the effects of crowding, we build on the
conventional formalism that deals with DNA-binding proteins
with diffusion constants D3 in cytoplasm and D1 along DNA.
Themodified Smoluchowski bi-molecular association rate constant
between the protein and the specific site is3:

ka=
2π

ln(ξ/2b)
(αD3)〈L〉 (1)

In essence, the rate constant is the product of an effective
diffusion constant (αD3) and an effective target size 〈L〉,

1Department of Physics and Department of Chemistry and Chemical Biology, Harvard University, Cambridge, Massachusetts 02138, USA, 2Department of
Molecular Evolution, Uppsala University, Uppsala SE-752 36, Sweden, 3Linneaus Center for Bioinfomatics, Uppsala University, Uppsala SE-751 24, Sweden.
*e-mail: johan.elf@lcb.uu.se.

tR
¬1

D3

BS

ξ

D1

Figure 1 | Facilitated diffusion. In the model investigated by Berg et al.3,
the DNA-binding protein (red cylinders) searches for its binding site (BS)
by combining 1D diffusion (D1) along nonspecific DNA sequences and 3D
diffusion (D3) in cytoplasm. The nonspecific residence time (tR) is the
average time to dissociate from and diffuse away a distance ξ/2 from DNA.
In a living cell, with 106–109 nonspecific sites, many rounds of 1D and 3D
searches are needed before locating the target. In this work, we study the
effects of other DNA-binding proteins (black cylinders) that are present in
a vast amount in cells.

both of which depend on the intracellular crowding (below).
The logarithmic factor corrects for short-ranged microscopic
dissociation/association events (hopping) on the same DNA
segment19 (see Supplementary Information). The ratio ξ/2b
compares the length scales of macroscopic versus microscopic
dissociation. In the current context, b is the DNA radius (1 nm) and
ξ is the concentration-dependent correlation length20 of the DNA
polymer. The search time, which is defined as the average time for
one DNA-binding protein to find one specific site, is related to the
rate constant as τ =Vk−1a for a system of volumeV .

In E. coli, macromolecular crowding in 3D increases the
viscosity by at least tenfold, and the motion remains normal
diffusive13. In addition, the effective diffusion constant is reduced
by the transient binding to nonspecific sites, which are subject
to competition with other DNA-binding proteins. Define the
vacancy, v , as the fraction of roadblock-free DNA. Under the
assumption that the average length occupied by a roadblock on
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Figure 2 | Kinetic effects of roadblocks. a, The effective target size, 〈L(v)〉.
Lower chromosomal vacancy means higher density of roadblocks on DNA,
and hence smaller effective target size. The parameters used in this plot are
derived from previous experiments as described in the Methods section.
b, Facilitation by sliding along nonspecific DNA. The search time as a
function of vacancy is plotted in three scenarios: searching through
combined 1D and 3D diffusion (solid line), 3D diffusion and transient
nonspecific binding without 1D diffusion (dotted line) and 3D alone
(dashed line). Among all cases, sliding along DNA yields the shortest
search time despite the presence of roadblocks.

DNA and the length of the specific binding sites are the same,
d∼20 base pairs (bp), the effective diffusion constant becomes (see
Supplementary Information)

αD3≈
D3

1+KRDcnsve1−1/v
(2)

where cns is the concentration of nonspecific DNA and KRD is the
binding constant between the protein and an unoccupied nonspe-
cific site. Here, ve1−1/v is the fraction of accessible DNA for a DNA-
binding proteinwith size d (see Supplementary Information).

The effective target size 〈L〉 measures the length of target-
flanking DNA from which the searcher can slide into the target
before dissociation. In the presence of roadblocks on the track, such
length is reduced. Consider identical non-passing particles diffusing
in 1D. The effective target size can be obtained by analysing how
far a particular particle can travel within the residence time tR of
nonspecific binding. Such single-file diffusion21,22 has been shown
to exhibit subdiffusion at long times. Using a first-passage-time
approach (see theMethods section), the size is approximately

〈L(v)〉≈ ve1−
1
v

(
l+2

√
D1tR

1+ (tR/tx)1/2

)
(3)

where tx = (dv/(1 − v))2/πD1 is the diffusion time across the
average gap between roadblocks23 and l is the size of one base
pair. The effective target size for the prototypical lac repressor
in E. coli is plotted in Fig. 2a. Combining equations (2) and (3)
into equation (1), the search time as a function of vacancy can
be obtained (Fig. 2b). It is worth noting that when nonspecific
binding is dominant (KRDcnsve1−1/v � 1), the factor ve1−1/v in
the denominator cancels with that in 〈L(v)〉. In other words,
the enhancement in global diffusion cancels out the effect of
partially blocked targets. This leaves only the vacancy dependence
in the restricted sliding length. Meanwhile, the classical results
〈L(v)〉= (l+2

√
D1tR) and αD3=D3/(1+KRDcns) can be recovered

in the limit v → 1.
The search time measurement in vivo for a transcription

factor became possible only recently with live-cell single-molecule
imaging techniques13. With fluorescently labelled lac repressor
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Figure 3 | Optimal range of total DNA-binding proteins. In the E. coli
genome, we consider a single site controlled by a specific DNA-binding
protein of which the concentration is at a fixed fraction of all DNA-binding
proteins. The amount of time it takes for the site to be occupied,
normalized to the lowest point, is plotted against the total number of all
DNA-binding proteins (solid line). Increasing the overall number would
speed up the search process only when the number is small (<104).
However, for the total number close to that measured in E. coli (shaded),
further increasing the copy number has a marginal effect in reducing the
reaction time. At∼1.6× 105 per chromosome (v∼0.3, arrow), the
response time increases catastrophically.

dimers in E. coli, we probed the search time by removing the
inducers from the growth media and watching how soon the
rebinding occurs. It takes atmost 60 s for three lac repressors to find
any of the two strong operators used in the experimental strain13.
The search time for a single transcription factor to find a single
operator site is therefore less than 360 s. This is in agreement with
the predicted facilitated target location on a crowded DNA with
the biologically relevant vacancy (v ∼ 0.7), shown in Fig. 2b (solid
line). The measurement is however not compatible with models
without sliding (D1 = 0) or without nonspecific binding (KRD = 0
and D1 = 0) as plotted with dotted and dashed lines, respectively,
in Fig. 2b. In the wild-type E. coli, there are 5–10 tetrameric lac
repressors24 searching independently. The time to reach a single
operator for the first repressor is therefore 35–70 s.

It may seem that the speed of gene regulation could be increased
indefinitely by increasing the concentration of the transcription
factor. However, the kinetic effect of crowding (equation (1))
on DNA immediately sets a hard constraint on the maximum
number of DNA-binding proteins for a given genome. Although
increasing the number of a particular transcription factor species
can speed up the corresponding gene regulation, a global increase
in all transcription factor concentrations could instead lead to
increased search times owing to increased crowding. We applied
the generalized model (equations (1)–(3)) to examine this effect.
Assuming the number of a specific transcription factor (n)
represents a fixed fraction of the DNA-binding protein (N ), n= fN ,
the response time of a given transcription factor is t = Vk−1a /fN .
For a chromosome of M base pairs, the vacancy is related to
N by v = 1−Nd/M . When using the parameters for E. coli, a
minimum response time is achieved at N = 104–105 total proteins
per chromosome (Fig. 3) independent of the small parameter f . The
actual number of these proteins inE. coliwas reported to be∼30,000
during exponential growth16,17. It is thus evident that further
increasing the overall concentration from the current value has little
effect in shortening the reaction time. The new kinetic constraint
applies to the total concentration of DNA-binding proteins and
implies that the concentrations of individualDNA-binding proteins
are subject to competition during the evolution of the proteome.
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Figure 4 | Blocked association and dissociation pathways. In addition to
randomly placed roadblocks, specific sequences can be used to position
roadblocks (black cylinders) at a precise location away from the target site
(red helix). When they are placed shorter than

√
D1tR away from the target,

both association and dissociation rates are reduced. In the case of
association, the effective target size is reduced. In the case of dissociation,
the chance of returning to the binding site after dissociation is increased
because of the reflective boundary.

Slow association due to blocked binding pathways directly
implies slow dissociation (Fig. 4). Because the equilibrium binding
constant for a fixed vacancy is independent of roadblock position,
detailed balance requires that association and dissociation kinetics
are changed in the same way, that is, kd = kaK−1eq . We therefore
suggest that it is possible that cells regulate binding kinetics of
specific proteins by positioning site-specific roadblocks close to the
target. This makes it possible to tune the kinetics more gradually
thanwhat is possible by the on/off-like regulation using competitive
binding to a specific site.

Beyond the original facilitated diffusion with 1D and 3D
pathways, our extension to crowded DNA also shows that DNA
looping between specific biding sites emerges as an alternative
strategy for speeding up target location. DNA looping is a
ubiquitous topological motif in bacterial genomes25,26. It is often
established by a single protein complex that binds to two specific
chromosomal binding sites, of which only one is responsible for
transcription regulation and the other is considered an auxiliary
site. Whereas the two sites are generally separated by 50 bp or
more, the dense roadblocks make sliding distances shorter than
20 bp at biologically relevant vacancy (v ∼ 0.7, Fig. 2a). The two
binding sites therefore become independent targets in the search
process (Fig. 5) and the auxiliary site constitutes an alternative
path to the regulatory site by looping. The mean time to reach
the regulatory site is

t =
τ

n

(
1+τLn/τ
2+τLn/τ

)
(4)

where τ = Vk−1a is again the search time, n is the number of
transcription factor molecules and τL is the mean loop formation
time, which is much faster than the dissociation time from the
auxiliary site. Equation (4) implies that the regulatory site can
therefore be found twice as fast if nτL� τ .

Indeed, the loop formation time for a freely jointed DNA
chain is predicted to be shorter than seconds for typical loop
sizes (150–1,500 bp; refs 27–29), whereas the initial search process
is orders of magnitude slower as analysed above. It therefore
implies that DNA looping can facilitate target location by using
an auxiliary binding site from which rapid intersite transfer is
possible. The effect should be most prominent for transcription
factors with low copy number (n� τ/τL). It should be noted
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Figure 5 | DNA looping and search kinetics. Association to binding sites
that are farther apart than the average sliding distance occurs
independently at rate n/τ , and the rate for the first association to any one
site is 2n/τ . When the auxiliary site Oa is accurately positioned relative to
the regulatory site, Or, rapid transfer through looping is imminent after
binding the auxiliary site. As long as the loop formation time (τL) is much
shorter than τ/n, the time to go from the free repressor state
(nR+Or+Oa) to the occupied regulatory site state (ROr+Oa or ROrOa) is
halved when compared with no DNA looping.

that this new role of looping in speeding up target location is
different from the hypothetical mechanism of intersegment transfer
between nonspecific sites, as transfer efficiency from a random
site is much lower than that from an auxiliary site. It should also
be noted that the mechanism does not hold when the loop is
not formed by a single protein complex, but by two transcription
factors binding individually on their sites, such as in the case of
the lambda repressor. The new mechanism is not limited to just
one auxiliary site. The classic lac operon in E. coli does actually
have two auxiliary sites. The reason for having two auxiliary sites
has remained puzzling, as one auxiliary site would be sufficient
to form a strong loop30. However, the topological enhancement
introduced here suggests that the two auxiliary sites can reduce the
search time by a factor of 3, if looping from both auxiliary sites is
fast. Increasing the number of auxiliary sites instead of the numbers
of transcription factors may therefore be a strategy to maintain the
response time in gene regulation without contributing to crowding
on the chromosome.

Methods
Effective target size for diffusing roadblock. Single-file diffusion21,22 has been
shown to exhibit subdiffusion at long times. For time longer than the diffusion
time across the average gap size, the mean-square displacement scales as the
time to the one-half power: 〈x2(t )〉 = 2Ft 1/2, where F = dv(1−v)−1

√
D1/π. As

we are interested in the scaling for all vacancy levels, a complete knowledge of
〈x2(t )〉 across all timescales is needed. A phenomenological approximation has
been shown to be valid on all relevant time scales23. Lin et al. have demonstrated
experimentally that the single-particle Green’s function retains a Gaussian shape at
all times, with the variance well described by 〈x2(t )〉= 2D1t/(1+ (t/tx )1/2), where
tx = (F/D1)2 is the diffusion time across the average gap size23. The effective target
size can be expressed as a product of the probability to land on DNA (binding to a
roadblock-free nonspecific site) on encounter and the length of DNA along which
the protein can diffuse into the target without dissociation. A simple statistical
calculation (see Supplementary Information) shows that the probability for a free
segment longer than the protein footprint (d) at a particular position is ve1−1/v .
This is also the probability that the protein can bind to DNA when diffusing from
cytoplasm. Here, we assume the roadblocks stay bound during each sliding event
for physiological relevance (see Supplementary Information).

To calculate the average length of DNA from which the protein can slide
into the target before dissociation, we use a first-passage-time-based method.
For a protein initially bound at position x on nonspecific DNA, the probability
to reach the target is the time integral of the first-passage-time density, f (x,t ),
multiplied by the likelihood of staying bound nonspecifically at a given time.
The average DNA length is thus an integral along the DNA, weighted by this
probability of reaching the target. If the nonspecific residence time is exponentially
distributed with average tR, the effective target size is (including the factor from
the previous paragraph):

〈L(v)〉= ve1−
1
v

∫
∞

−∞

(∫
∞

0
f (x,t )e−t/tR dt

)
dx (5)
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As the free propagator in single-file diffusion is Gaussian-shaped with variance of
2D1t/(1+ (t/tx )1/2), we can obtain the first-passage-time density, for x > 0, with
absorbing boundary condition at x=0, using themethod of images.

f (x,t )=−
∂

∂t

∫
∞

0

(
G(x ′,t ;x)−G(x ′,t ;−x)

)
dx ′ (6)

whereG(x ′,t ;x) is the free propagator from (x,0) to (x ′,t ).

G(x ′,t ;x)=

√
1+ (t/tx )1/2

4πD1t
exp

(
−(x ′−x)2

1+ (t/tx )1/2

4D1t

)
(7)

From equations (5)–(7), we obtain a complicated expression for the
effective target size:

〈L(v)〉= ve1−
1
v

√
D1tR
√
π
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(8)

where pFq is the generalized hypergeometric function andΓ is the gamma function.
This expression can be approximated as

〈L(v)〉= ve1−
1
v

[
2

√
D1tR

1+ (tR/tx )1/2

]
(9)

We plot the exact solution, equation (8), and the approximated function,
equation (9), in Supplementary Fig. S1. The approximation holds for six decades
in tx . Equation (9) is the effective target size for binding through nonspecific sites.
Direct binding is accounted for in equation (3) by adding an extra term (l), the
size of the specific site.

Kinetics parameters implied from experiments. When applying the theory to
real biological systems (specifically, the lac repressor protein in E. coli), we used
the recent single-molecule measurements13 to estimate the relevant parameter
values. First, by tracking single lac repressors in E. coli, we determined the effective
diffusion constantD≈ 0.4 µm2 s−1, whereas the 3D diffusion constant in cytoplasm
is D3 ≈ 3 µm2 s−1. Using equation (2) and cns = 4.6×106 µm−3, the nonspecific
equilibrium binding constant can be estimated as KRD ≈ 0.85mM−1 if v = 1,
or KRD ≈ 1.9mM−1 if v = 0.7. With the knowledge of the equilibrium binding
constant, the nonspecific residence time tR can be obtained under the condition
of diffusion-controlled association (tR = KRD/knsa ). The diffusion-controlled
macroscopic association rate to a nonspecific site is3 knsa = 2πD3l/ln(ξ/2b). Here,
l is the size of one base pair (l≈ 0.34 nm). b is the DNA radius (1 nm) and ξ/2
can be defined as half of the average distance between nearest DNA segments,
π(ξ/2)2Ml= nucleoid volume, whereM is the total number of base pairs. For an
E. coli chromosome (M = 4.6×106) with 1 µm3 of nucleoid volume, ξ/2= 14 nm.
This gives knsa ≈ 1.5× 106 M−1 s−1. As a result, the macroscopic dissociation
constant is tR≈ 0.6ms if the diffusion constants above were measured at v = 1, and
tR≈ 1.3ms if those were measured at v= 0.7.
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